Let T(t) (t^O) be a one-parameter semigroup of continuous linear operators in a locally convex reflexive linear topological space X such that T(c) is an isomorphism (into) for some c>0. It is proved that for any xe X, T(-)x is of bounded variation on finite intervals if and only if x is in the domain of the infinitesimal generator of T(t). The result is interpreted geometrically in terms of arc-length.
1. Definitions and main results. Let A' be a locally convex sequentially complete (Hausdorff) linear topological space over the complex numbers, and let X* and L(X) denote the dual space and the space of all continuous linear operators in X respectively. A one-parameter semigroup is a family VT(t):t^0}cL(X) with the following properties:
(
1) T(t)T(s)=T(t+s)
for any /, s^O; (2) F(0)=7, the identity operator; (3) lim^,, T(t)x= T(s)x for any s^.0 and any x e X. A one-parameter semigroup {T(t):t^.0}e:L(X) is said to be locally equicontinuous if for any 0<i< oo and any continuous seminorm/» on X there exists a continuous seminorm q on X such that p(T(t)x)Sq(x) for all OStSs and all x e X. We refer the reader to the paper by T. Kömura [2] for the basic properties of locally equicontinuous semigroups. In particular we note that a one-parameter semigroup is locally equicontinuous if the space X is reflexive.
The infinitesimal generator A of a one-parameter semigroup {T(t); dense in X, and A is a linear operator from D(A) into X. Furthermore, if {T(t):t^.O} is locally equicontinuous, then A is closed [2] . Let x e X, 0SaSb<co, and let p be any continuous seminorm on X.
We define the p-length L(x; a, b;p) of the arc {T(t) We recall that an isomorphism of a locally convex space X into itself is a continuous linear transformation on X which is one-one and relatively open.
Theorem.
Let Xbea locally convex reflexive linear topological space and {T(t): t^.0} c L(X) a one-parameter semigroup with infinitesimal generator A. Suppose T(c) is an isomorphism for some c>0. Then for each x e X the following are equivalent: In fact, similar calculations show that F( ■ )x is absolutely continuous on [a, oo) for any a>0.
Our final example explicitly illustrates the phenomenon indicated in the Corollary.
Example 3. Let X=lp, lSp<co, and define F(i) by
Then DiA) consists of all those x = (x,, x2, ■ ■ ■) e X such that Proof. Since X is reflexive and {yn} is bounded, we may choose a weak cluster point y e X of {yn}. Let x* e X* and let rx, r2, ■ ■ ■ , be an enumeration of the nonnegative rationals. For each positive integer n let Un = {x:|<v -x, F(r3.)*x*>| < »"S 1 Sj S »}, License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use where T(t)* denotes the operator dual of T(t). Since y is a weak cluster point of {yn}, we may choose a subsequence {xn} of {yn} such that xn e Un for every n. Let B be any bounded set in X containing {y"}. Then q(y*) = sup{|(x, y*)\ :xe B} defines a continuous seminorm for the strong topology of X*, so by the reflexivity of X it follows that (see [2] ) lim q(T(r)*x* -T(t)*x*) = 0. Proof. The necessity is obvious. To prove the sufficiency we note that by Lemma 1 we may choose a point y in X such that given any x* e X*, there exists a sequence xn = (T(hn)x -x)\hn, hn\0, such that for all t£0, \im(Tit)xn,x*) = (Tit)y,x*).
tt-*0O
Since {F(/):i^0} is locally equicontinuous, given any positive r there exists a continuous seminorm p on X such that for all z e X and all O^r^r, \(T(t)z, x*)\Spiz). Therefore, since {x"} is bounded, Tir)x -x = rT(t)y dt, Jo which implies that x e 7)L4). Q.E.D.
Lemma 3. Let X be a locally convex linear topological space and {T(t) : t^.0}<=L(X) a locally equicontinuous one-parameter semigroup. Then for each continuous seminorm p on X and 0Sa<b<co there exists a continuous seminorm q on X such that for all x e X and all 0<h<b-a,
Proof.
Let p, a, b be given as in statement of lemma, and let q be a continuous seminorm on X such that p(T(t)x)Sq(x) for all x e X and all OStSb. If 0<h<b -a and n denotes the greatest integer in (b-a)\h, then for any integer y such that 1 SjSn we have OSb-a-jh + hSb, so pCTib + h)x -Tib)x) = piTib -a -jh + h)iTia + jh)x -F(a + jh -h)x)) S q(T(a + jh)x -T(a + jh -h)x). Therefore, npCTib + h)x -F(è)x) S 2 q(Tia + jh)x -Tia + jh -h)x) 3 = 1 S L(x; a, b; q), and since ib-a-h)¡h<.n, the conclusion readily follows. Q.E.D.
Returning to the proof of the Theorem, let us assume that statement (iii) holds. Given any continuous seminorm s on X, there exists, by virtue of the local equicontinuity of F(?) and the fact that T(c) is an isomorphism, a continuous seminorm p such that s Jo Then x(r) e F>(/1) ni/ for all sufficiently small r, and Axir)=r~ l(H(r)x-x). By Lemma 2, there exists a continuous seminorm j such that siAxir)) is arbitrarily large for small r. Choosing a continuous seminorm/» such that siAxir))SpiTtAxir)) iOStSc) and noting that Lixir); a,b;p) = \ piTit)Axir)) dt^ib -a)s04x(F)), Ja we see that F(x(r); a, b;p) is arbitrarily large for small r.
